ABSTRACT. Let (X, T 1,0 X) be a (2n + 1 + d)-dimensional compact CR manifold with codimension d + 1, d ≥ 1, and let G be a d-dimensional compact Lie group with CR action on X and T be a globally defined vector field on X such that
INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
The embedding of CR manifolds in general is a subject with long tradition. One paradigm is the embedding theorem of compact strongly pseudoconvex CR manifolds of codimension one. A famous theorem of Louis Boutet de Monvel [1] asserts that such manifolds can be embedded by CR maps into the complex Euclidean space, provided the dimension of the manifold is greater than or equal to five. ω 0 , V = 0, ∀V ∈ T 1,0 X ⊕ T 0,1 X ⊕ Cg,
For x ∈ X, let L ω 0 ,x be the Levi form with respect to ω 0 at x (see Definition 2.2). We say that X is strongly pseudoconvex in the direction of T if the Levi form L ω 0 ,x is positive definite at every point x of X. In Section 2.3, we give several examples to motivate the study of high codimension CR manifolds. We now introduce the concept of G-finite smooth (CR) functions. Let We will show in Corollary 3.8 that u lies in C ∞ m (X) if and only if u = u m holds on X. Given a smooth function f ∈ C ∞ (X), we say that f is a G-finite smooth function on X if f = K j=1 f j with K ∈ N and f j ∈ C ∞ m j (X), for some m j ∈ N, j = 1, . . . , K. Let C ∞ G (X) be the set of all G-finite smooth functions on X. Note that by construction we have that span C Gf is finite dimensional for any f ∈ C ∞ G (X). Let ∂ b : C ∞ (X) → Ω 0,1 (X) be the tangential Cauchy-Riemann operator (see (2.10) ). Put For a smooth function u ∈ C ∞ (X), we say that u is a G-finite smooth CR function if u ∈ H 0 b,G (X). The main result of this work is the following. Assume that X admits a CR action of a d-dimensional compact Lie group G. Let T be a globally defined vector field on X such that CT X = T 1,0 X ⊕ T 0,1 X ⊕ CT ⊕ Cg, where g is the space of vector fields on X induced by the Lie algebra of G. If X is strongly pseudoconvex in the direction of T and n ≥ 2, then we can find G-finite smooth CR functions f j ∈ H 0 b,G (X), j = 1, 2, . . . , N , N ∈ N, such that the map
is an embedding.
To obtain a G-equivariant CR embedding we need to show that F in Theorem 1.1 can be chosen equivariant (see Lemma 1.2) in a way that F (X) becomes a CR submanifold of C N (see Theorem 1.3). For the general high codimension case, this is not obvious.
We have a G-action on H 0 b (X) given by gf (x) := f (g −1 x). One may verify that if f ∈ H 0 b,G (X), then the G-orbit through f is contained in a finite-dimensional subspace. We have a G-action on the dual H 0 b (X) * also given by gλ(f ) = λ(g −1 f ). Now if F : X → C N , x → (f 1 (x), . . . , f N (x)) is an embedding with f i ∈ H 0 b,G (X), we define W := span N j=1 Gf j as the smallest finite-dimensional space in H 0 b (X) containing all G-orbits through the f i . We claim that the CR map
is a G-equivariant embedding. The equation gx → (h → h(gx)) = (h → (g −1 h)(x)) = g(h → h(x)) shows the equivariance. Now let h 1 , ..., h M be a basis for W and h * 1 , . . . , h * M be the dual basis. We haveF (x) = i α i (x)h * i with h j (x) = ϕ(x)(h j ) = i α i (x)h * i (h j ) = α j (x). From this discussion, we get the following G-equivariant embedding result.
Lemma 1.2.
With the same assumptions and notations used in Theorem 1.1, the G-equivariant CR mapF : X → C M is an embedding.
In general, given an arbitrary real submanifold X ′ of C M it is not true that X ′ is a CR submanifold in the sense that CT X ′ ∩ T 1,0 C M defines a CR structure on X ′ . Since the embeddingF is a CR map, we find dF (T 1,0 X) ⊂ T 1,0 C M and hence dF (T 1,0 X) defines a CR structure onF (X) which is contained in CTF (X) ∩ T 1,0 C M . The following theorem shows that the G-equivariant embeddingF can be chosen to be a CR embedding, that is, F (X) is CR submanifold of C M and its induced CR structure coincides with dF (T 1,0 X) (see Section 6) . Before we state our results on CR orbifold embeddings let us say some words on the importance of the positivity assumption in Theorem 1.1. That assumption is roughly speaking the existence of a non vanishing real one form ω 0 with ω 0 (T 1,0 X ⊕ T 1,0 X) = 0 such that (i) − 1 2i dω 0 induces a Hermitian metric on T 1,0 X, (ii) g is annihilated by ω 0 , that is, g ⊂ ker ω 0 . The following nonembeddable example shows that these conditions are important. Example 1.4. Let X 1 = S 3 be the 3-sphere together with a CR structure T 1,0 X 1 such that (X 1 , T 1,0 X 1 ) is not realizable as CR submanifold of the euclidean space (see [3] and also [2] , [10] , [11] ) and let (X 2 , T 1,0 X 2 ) be a strongly pseudoconvex CR manifold of codimension one with a transversal CR S 1 -action. Consider the CR manifold (X, T 1,0 X) of codimension two given by X = X 1 × X 2 and T 1,0 X = T 1,0 X 1 ⊕ T 1,0 X 2 . We have that X admits a CR S 1 action. But X is not CR embeddable into some C N since X 1 is not CR embeddable. Let us see which of the previous assumptions fails to be satisfied. We can choose a non-vanishing real one form ω 1 ∈ Ω 1 (X 1 ) with ω 1 (T 1,0 X 1 ) = 0 and let T 1 be a vector field with ω 1 (T 1 ) = −1. Let T 2 be the vector field induced by the transversal CR S 1 action on X 2 and ω 2 the unique real one form defined by ω 2 (T 2 ) = −1 and ω 2 (T 1,0 X 2 ) = 0. We can identify T 1 , T 2 , ω 1 , ω 2 with vector fields and one forms on X = X 1 × X 2 in a natural way. Let ω 0 ∈ Ω 1 (X) be a real one form with T 1,0 X ⊕ T 0,1 X ⊂ ker ω 0 . Since ω 0 (T 1,0 X) = 0 we can write ω 0 = aω 1 + bω 2 for smooth functions a, b ∈ C ∞ (X, R). Assuming positivity of − 1 2i dω 0 (Assumption (i)) we find that a, b > 0 must hold. The assumption ω 0 (T 2 ) = 0 (Assumption (ii)) leads to b = 0. This shows that both assumptions cannot be satisfied at the same time in this example.
In Section 5.1, we introduce the notion of CR orbifolds and study some basic properties of CR orbifolds. In Section 5.2, we establish a CR orbifold version of Boutet de Monvel's embedding theorem. It turns out that any effective CR orbifold can be written as a quotient X/G where X is a CR manifold equipped with a CR action of a compact Lie group G (see Lemma 5.4) . Corollary 1.6. Let X be a compact and orientable strongly pseudoconvex effective CR orbifold of codimension one. Then X can be CR embedded into C N , for some N ∈ N. This paper is organized as follows. In Section 2, we fix some terminology and give basic definitions and examples for CR manifolds of high codimension with Lie group actions. In Section 3, we study the Fourier decomposition of the Kohn Laplacian. Section 4 contains the proof of Theorem 1.1. The orbifold version of Boutet de Monvel's embedding theorem (see Corollary 1.6) is proven in Section 5. Combining the results of Section 4 and Section 5, we prove Theorem 1.3 in Section 6.
2. PRELIMINARIES 2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N 0 = N ∪ {0}, R is the set of real numbers,
. . , m, be coordinates of C m , where x = (x 1 , . . . , x 2m ) ∈ R 2m are coordinates of R 2m . Throughout the paper we also use the notation w = (w 1 , . . . , w m ) ∈ C m , w j = y 2j−1 + iy 2j , j = 1, . . . , m, where y = (y 1 , . . . , y 2m ) ∈ R 2m . We write
Let X be a C ∞ orientable paracompact manifold. We let T X and T * X denote the tangent bundle of X and the cotangent bundle of X respectively. The complexified tangent bundle of X and the complexified cotangent bundle of X will be denoted by CT X and CT * X respectively. We write · , · to denote the pointwise duality between T X and T * X. We extend · , · bilinearly to CT X × CT * X.
Let E be a C ∞ vector bundle over X. The fiber of E at x ∈ X will be denoted by E x . Let F be another vector bundle over X. We write F ⊠ E * to denote the vector bundle over X × X with fiber over (x, y) ∈ X × X consisting of the linear maps from E y to F x .
Let Y ⊂ X be an open set. The spaces of smooth sections of E over Y and distribution sections of E over Y will be denoted by C ∞ (Y, E) and D ′ (Y, E) respectively. Let E ′ (Y, E) be the subspace of D ′ (Y, E) whose elements have compact support in Y . For m ∈ R, we let H m (Y, E) denote the Sobolev space of order m of sections of E over Y . Put
2.2. CR manifolds with high codimension. Let (X, T 1,0 X) be a compact and orientable CR manifold of dimension 2n + d + 1, n ≥ 2, d ≥ 1, where T 1,0 X is a CR structure of X, that is, T 1,0 X is a subbundle of rank n of the complexified tangent bundle CT X, satisfying
In this work, we assume that X admits a action of a d-dimensional compact Lie group G. Let g denote the Lie algebra of G. For any ξ ∈ g, we write ξ X to denote the vector field on X induced by ξ. That is, (ξ X u)(x) = ∂ ∂t u(e tξ • x) | t=0 , for any u ∈ C ∞ (X). Let g = Span (ξ X ; ξ ∈ g). Definition 2.1. We say that the Lie group action of G is CR if for every ξ X ∈ g, we have
We assume throughout that the action of G is CR. LetT ∈ C ∞ (X, T X) be a global defined vector field such that
Note that under the assumption (T 1,0 X ⊕ T 0,1 X) ∩ Cg = {0} we have that such a vector fieldT exists if and only if X is orientable. Letω 0 (x) ∈ C ∞ (X, T * X) be the globally real one form on X such that
Definition 2.2. For p ∈ X, the Levi form with respect toω 0 at p is the Hermitian quadratic form on T
In this work, we assume that Lω 0 ,x is positive definite at every point x ∈ X. We refer the reader to Section 2.3 for examples of CR manifolds which satisfy the conditions above.
Fix
That is, ω 0 (x) is the global one form on X defined as follows: For every x ∈ X and every V ∈ T x X, we have
Lemma 2.3. We have that ω 0 (x) is a non-vanishing global one form on X,
and L ω 0 ,x the Levi form with respect to ω 0 is positive definite at every point x ∈ X.
Proof. Fix any G-invariant Hermitian metric · , · on CT X. Since Lω 0 ,x is positive definite on X and X is compact, there is a constant C > 0 such that (2.4)
x X with U , U = 1 and every x ∈ X. Now, for every U ∈ T 1,0
x X with U , U = 1 and every x ∈ X, we have
Since G is CR and the Hermitian metric · , · is G-invariant, we have (dg)U ∈ T 1,0 g•x X and (dg)U , (dg)U = 1, for every g ∈ G. From this observation, (2.4) and (2.5), we deduce that
x X with U , U = 1 and every x ∈ X, where C > 0 is the constant as in (2.4). Hence, ω 0 (x) is a non-vanishing global one form on X and L ω 0 ,x is positive definite at every point x ∈ X. For every V ∈ T 1,0
The lemma follows.
Fix any global one form T ∈ C ∞ (X, T X) with ω 0 , T = −1 on X. Put
where g * T denotes the pull-back of
Lemma 2.4. We have ω 0 , T = −1 on X.
Proof. For every x ∈ X, we have
From Lemma 2.4, we deduce that there is a G-invariant global defined vector field
and there is a G-invariant global one form ω 0 ∈ C ∞ (X, T * X) such that
L ω 0 ,x the Levi form with respect to ω 0 is positive definite at every point x ∈ X.
(2.7)
Denote by T * 1,0 X and T * 0,1 X the dual bundles of T 1,0 X and T 0,1 X respectively. That is,
Define the vector bundle of (0, q) forms by T * 0,q X := Λ q (T 
where ξ j,X denotes the vector field on X induced by
Λ j (CT * X) and let |·| denote the corresponding norm. For
be the orthogonal projection with respect to · | · . The tangential Cauchy Riemann operator is given by (2.10)
Let dv X = dv X (x) be the volume form on X induced by the Hermitian metric
Since the action of G is CR, we have
Thus, for u ∈ Ω 0,q (X), we have g * u ∈ Ω 0,q (X). Moreover, we have
be the formal adjoint of ∂ b with respect to ( · | · ) and let
We can check that
(CT * X)) be the exterior derivative and let d * : C ∞ (X, Λ r+1 (CT * X)) → C ∞ (X, Λ r (CT * X)) be the formal adjoint of d with respect to ( · | · ). Let (2.14)
We have
The operator △ (r) + I is a nonnegative self-adjoint operator. Let Spec (△ (r) + I) denote the spectrum of △ (r) + I. Then, Spec (△ (r) + I) is a discrete subset of ]0, +∞[ and for every λ ∈ Spec (△ (r) + I), λ is an eigenvalue of △ (r) + I and the space
be the orthogonal projection with respect to ( · | · ). The square root of △ (r) + I is given by
It is easy to see that (2.16) is well-defined.
We extend △ (r) + I to the L 2 space by
It is well-known (see [12] ) that (2.17) △ (r) + I is a classical elliptic pseudodifferential operator of order one.
Hence, 
Because 0 is a regular value, we have that the dimension of gx does not depend on x ∈ M and gx can not contain a complex subspace because of gx ⊂ (gx) ⊥ω .
Note that momentum maps and the zero levels of momentum maps play an important role in the study of Lie group actions. Especially the quotient M/G is of high interest. 
To see this, one checks that
Now assume that X is orientable and U is given by U = {ρ < 0}, where ρ is a Ginvariant strictly plurisubharmonic function on X. By strictly plurisubharmonic we mean that
where the differential operators are defined in (2.10). We may define a one-form
for some non-vanishing vector field T and one checks in local coordinates that dω is positive on T 1,0 Y .
Example 2.7. Let X be a CR manifold of codimension 1 with a CR group action of a compact group
and assume that 0 is a regular value. We see that the manifold
The form dω induces hermitian metrics on the complex spaces (W x , J x ) and one checks that
As in example 2.5, the bundle g does not contain a complex subspace of W and therefore, M is a CR submanifold of X.
is a CR manifold of codimension one which is neither compact nor strongly pseudoconvex. We have that
is a transversal vector field with ω(T ) = −1. Consider the CR S 1 action on X given by s • (z, z ′ ) = (sz, s 2 z ′ ) and denote its induced vector field by T 1 . Since ω is invariant under the S 1 action a CR moment map is given by µ :
Denoting the pullback of ω to M by ω 0 we find ω 0 , T = −1, ω 0 , T 1 = 0 and
Example 2.9. Let X be a CR manifold of codimension 1 and assume that there exists a transversal CR S 1 -action on X. We may embed S 1 into U n , the unitary matrices of degree n, as multiples of the identity. Then U n × X is a CR manifold on which S 1 acts via (s, (U, x)) → (U s −1 , sx). The action is CR and free, therefore the quotient (U n × X)/S 1 =: U n × S 1 X is a manifold and we may push the CR structure onto the quotient
, where π denotes the projection. This does give a CR structure on U n × S 1 X, such that the U n -action is CR, locally free and transversal. Note that we may decompose the U n -action into an S 1 × SU n -action and if X is a strictly pseudoconvex CR manifold, then U n × S 1 X is positive in the sense of Definition 2.2 for the vector field T induced by the S 1 -action. Example 2.9 . We have that U n × S 1 X admits a transversal CR S 1 × SU n action. SetX = U n × S 1 X and denote by T the real vector field induced by the S 1 part of the action. Take an SU n invariant function ψ ∈ C ∞ (X, R) and define a CR structure onX by
We have that (X, T 1,0X ) admits a CR SU n action and that T is a transversal vector field, that is, CTX = T 1,0X ⊕ T 0,1X ⊕ Csu n ⊕ CT. Note that in general T fails to be a CR vector field for (X, T 1,0X ). Assuming that X is strongly pseudoconvex and that the C 2 -norm of ψ is sufficiently small we have that (X, T 1,0X ) is strongly pseudoconvex in the direction of T . More precisely, there exists a real nonvanishing one form ω 0 with ω 0 , T = −1 and
connected compact CR Lie group action G and G preserves ω 0 . Let g denote the Lie algebra of G. For any ξ ∈ g, we write ξ X to denote the vector field on M induced by ξ. The moment map associated to the form ω 0 is the map µ : M → g * such that, for all x ∈ M and ξ ∈ g, we have µ(x), ξ = ω 0 (ξ X (x)). Assume that 0 is a regular value of µ and −
Fourier analysis on Lie groups.
We recall that a representation of the group G is a group homomorphism ρ :
The representation represents the elements of the group as d × d complex square matrices so that multiplication commutes with ρ. The number d is the dimension of the representation ρ. A representation ρ is unitary if each ρ(g), g ∈ G, is a unitary matrix. A representation ρ is reducible if we have a splitting 
To understand all representations of the group G, it often suffices to study the irreducible unitary representations. We let
denote the set of all irreducible unitary representations of the group G, including only one representation from each equivalence class. For each R m , we write R m as a matrix
We recall the Peter-Weyl theorem on compact Lie groups (see [13] ).
Theorem 3.1. We have that the set
Let f ∈ C ∞ (G) be a smooth function. Fix an irreducible unitary representation R m and fix a matrix element R m,j,k . The Fourier component of f with respect to R m,j,k is the function
For every ℓ ∈ N, let · C ℓ (G) be a C ℓ norm on G. The following result is the smooth version of the Peter-Weyl theorem on compact Lie groups (see the discussion after Theorem 2 in [13] ) Theorem 3.2. With the notations used above, let f ∈ C ∞ (G). Then, for every ℓ ∈ N and every ε > 0, there is a N 0 ∈ N such that for every N ≥ N 0 , we have
For every m ∈ N, put
Let f ∈ C ∞ (G) be a smooth function. We say that f is a smooth G-finite function on
denote the set of all smooth G-finite functions on G.
Fourier analysis on X. Fix an irreducible unitary representation
Fix r = 0, 1, . . . , 2n + d + 1. We need the following. Definition 3.3. Let u ∈ C ∞ (X, Λ r (CT * X)) be a smooth section. The m-th Fourier component of u is given by
Note that if u ∈ Ω 0,q (X), then u m ∈ Ω 0,q (X), for every m = 1, 2, . . .. We have Theorem 3.4. Let u ∈ C ∞ (X, Λ r (CT * X)) be a smooth section. Then,
and
Proof. Fix x ∈ X. Consider the matrix-valued smooth function on G:
Let f m,j,k be as in (3.1). We have
By Theorem 3.2, for every ε > 0, there is a N 0 ∈ N such that for every N ≥ N 0 , we have
Take g = e 0 in (3.8), where e 0 denotes the identity element in G, we get
, it is easy to see that
From this observation and (3.9), we get (3.4). By Theorem 3.1, we can check that
(3.10)
We notice that for every p, q ∈ C ∞ (X, Λ r (CT * X)), we have
Hence, for every m ∈ N, ℓ ∈ N, we have
Now, for every h ∈ G, we have
(3.12)
We can check
From (3.13) and (3.12), we get
and similarly, From (3.14), (3.15) and (3.16), for every x ∈ X, we obtain
From (3.17) and (3.11), we get (3.5). Now, form (3.14) and Theorem 3.1, for every x ∈ X, we have
From (3.18) and (3.10), we deduce that
for every x ∈ X and every N ∈ N. From (3.19) and (3.11), we have
for every N ∈ N. We get (3.6).
We pause and introduce some notations. For s ∈ N, let · s denote the standard Sobolev norm on C ∞ (X, Λ r (CT * X)) of order s and let · C s (X,Λ r (CT * X)) denote the standard C s (X, Λ r (CT * X)) norm on C ∞ (X, Λ r (CT * X)). Let v j ∈ C ∞ (X, Λ r (CT * X)), j = 1, 2, . . .. We say that v j → v in C ∞ (X, Λ r (CT * X)) topology, where v ∈ C ∞ (X, Λ r (CT * X)), if for every s ∈ N and every ε > 0, there is a j 0 ∈ N such that for every j ≥ j 0 , we have
We can now prove Theorem 3.5. Let u ∈ C ∞ (X, Λ r (CT * X)) be a smooth section. Then, (3.20) lim
Proof. Let △ (r) : C ∞ (X, Λ r (CT * X)) → C ∞ (X, Λ r (CT * X)) be as in (2.14). From (2.15), it is not difficult to see that △ (r) u m = (△ (r) u) m and hence
where ((△ (r) ) j u) m denotes the m-th Fourier component of (△ (r) ) j u. For every N ∈ N, let
From (3.5), (3.6) and (3.21), we have
for every j ∈ N 0 and every N ∈ N. Hence, for every j ∈ N 0 , we have
Since △ (r) is elliptic, for every s ∈ N, there is a constant C s > 0 such that
From (3.24) and (3.23), we conclude that for every s ∈ N, there is a u s ∈ H s (X, Λ r (CT * X)) such that v N → u s in H s (X, Λ r (CT * X)). From the Sobolev embedding theorem, there is a s 0 ∈ N such that for all s ≥ s 0 , u s ∈ C 0 (X, Λ r (CT * X)) and v N → u s in C 0 (X, Λ r (CT * X)). From (3.4), we see that v N → u pointwise and hence u = u s for all s ∈ N with s ≥ s 0 .
We have proved that v N → u in H s (X, Λ r (CT * X)), for all s ∈ N with s ≥ s 0 . By Sobolevs embedding theorem, v N → u in C ∞ (X, Λ r (CT * X)) topology. The theorem follows.
. We need Lemma 3.6. Fix m ∈ N, ℓ ∈ N with m = ℓ. Let R m,j,k be any matrix element of R m and let R ℓ,j 1 ,k 2 be any matrix element of R ℓ . Let A ∈ Ω 0,q (X). Then,
Proof. We have
(3.27) By Theorem 3.1, we have
From (3.28) and (3.27), the lemma follows.
We can prove 
Proof. From Theorem 3.5, we have
Now, for every ℓ = m, from (3.26), we have
From (3.30) and (3.29), we get f = f m and the theorem follows.
, where L T j denotes the Lie derivative of u along T j . We have 
where
From (3.32) and Theroem 3.7, we deduce that T j u ∈ Ω 0,q m (X). Now, from (3.32), we have
dµ(g). We get (3.31) and the theorem follows.
We have 
where · s denotes the standard Sobolev norm of order s.
Proof. Fix s ∈ N. Since △ (r) + I is a classical elliptic pseudodifferential operator of order one (see (2.17)), there is a constantĈ s > 1 such that
for every u ∈ C ∞ (X, Λ q (CT * X)). From (2.18), we have
From (3.35), (3.36), (2.18) and (3.31), we have We introduce some definitions. Definition 3.11. Let f ∈ C ∞ (X) be a smooth function. We say that f is a G-finite smooth function on X if there is a f ∈ C ∞ (X) and h(g) ∈ C ∞ G (G) such that
Let C ∞ G (X) be the set of all G-finite smooth functions on X. For the meaning of C ∞ G (G), we refer the reader to the discussion after (3.3). Let f ∈ C ∞ G (X) be a smooth G-finite function. From Theorem 3.7, we see that f ∈ C ∞ G (X) if and only if f = N j=1 f j , N ∈ N, where f j ∈ C ∞ m j (X), for some m j ∈ N, j = 1, . . . , N .
Fourier components of the Kohn Laplacian.
We fix m ∈ N. From (2.12), we see that 
Since the Levi from L ω 0 ,x is positive definite at every point x ∈ X and n ≥ 2, we can repeat the proof of Theorem 8.4.2 in [4] and deduce the following Theorem 3.12. Let q ≥ 1 be a positive integer. For every s ∈ N 0 , there is a constant C s > 0 such that
for every u ∈ Ω 0,q (X).
From now on, we fix m ∈ N. We can prove Theorem 3.13. Let q ≥ 1 be a positive integer. For every s ∈ N 0 , there is a constant C s > 0 such that
Proof. Fix s ∈ N 0 and let u ∈ Ω 0,q m (X). We have
where C > 0 is a constant independent of u. From (3.34), we see that
whereĈ > 0 is a constant independent of u. From (3.42), (3.43) and (3.40), we get (3.41).
For every s ∈ N, let H s m (X, T * 0,q X) be the completion of Ω 
From Theorem 3.14 and some standard argument in functional analysis, we get Theorem 3.15. For q ≥ 1, we have that
b,m be the partial inverse of
b,m be the Szegő projection, i.e., the orthogonal projection onto Ker (q) b,m with respect to (· | · ). We have We consider the case q = 0. Let be the Szegő projection. We need Theorem 3.17. We have
Proof. PutŜ
m ∂ b = 0 and
b,m , we have For any v ∈ Ker ∂ b , we have We can now prove Theorem 3.18. We have
and for every ℓ ∈ N, there are K ∈ N and C > 0 such that
Proof. From (3.46) and Theorem 3.16, we get (3.51). Let ℓ ∈ N be a nonnegative integer. By the Sobolev inequalities, there is a K ∈ N and a constant C > 0 such that
From Theorem 3.16, we see that 
for every u ∈ C ∞ m (X), whereĈ > 0 and C > 0 are constants. From (3.54) and (3.53), we get (3.52).
G-EQUIVARIANT EMBEDDING THEOREMS
In this section, we will prove Theorem 1.1. The idea is to construct global G-finite CR functions which separate points and define local embeddings. Since X is compact, this leads to an embedding of X by G-finite CR functions.
Until further notice, we fix p ∈ X. Let Z 1 ∈ C ∞ (X, T 1,0 X), . . . , Z n ∈ C ∞ (X, T 1,0 X) be smooth sections such that for every x ∈ X, {Z 1 (x), . . . , Z n (x)} is an orthonormal basis for T 1,0
x X and the Levi form L ω 0 ,p is diagonalized with respect to {Z 1 (p), . . . , Z n (p)}, that is,
Note that λ j > 0, for every j = 1, . . . , n. Let e 0 denote the identity element of G. By the Frobenius theorem, there exist local coordinates θ = (θ 1 , . . . , θ d ) of G defined in a neighborhood V of e 0 with v(e 0 ) = (0, . . . , 0) and local coordinates x = (x 1 , . . . , x 2n+1+d ) of X defined in a neighborhood U of p with x(p) = 0 such that
where we identify V as an open set of original point in R d ,
, and
where a j,s ∈ C, b j,s ∈ C, j, s = 1, . . . , n, c j ∈ C, c j,s ∈ C, j = 1, . . . , n, s = 2n + 2, . . . , 2n + d + 1. From (4.1), (4.4) and [Z j , Z ℓ ] ∈ C ∞ (X, T 1,0 X), for every j, ℓ = 1, . . . , n, it is straightforward to check that a j,ℓ = a ℓ,j , j, ℓ = 1, 2, . . . , n,
From (4.6), we can change x 2n+1 to
and by some straightforward calculation, we have
, for every j = 1, . . . , n, s = 2n + 2, . . . , 2n + d + 1, we deduce that c j,s = 0, for every j = 1, . . . , n, s = 2n + 2, . . . , 2n + d + 1. Hence,
Until further notice, we work with the local coordinates x defined in an open set U of p. We identify V as an open neighborhood of the origin in R d and we assume that U = U ×V , where U is an open neighborhood of the origin in R 2n+1 .
We say that g is a homogeneous polynomial of degree ℓ ∈ N 0 on U if g is the finite sum
be the set of all homogeneous polynomials of degree ℓ. Theorem 4.1. We can find φ ℓ ∈ P ℓ (U ), ℓ = 1, 2, 3, . . ., with
where c j , j = 1, . . . , n, are as in (4.9) , such that
, for every j = 1, . . . , n, for every N ∈ N.
Proof. Let φ 1 ∈ P 1 (U ), φ 2 ∈ P 2 (U ) be as in (4.10) . From (4.9), it is easy to see that
, for every j = 1, . . . , n.
We assume that we can find φ ℓ ∈ P ℓ (U ), ℓ = 1, 2, 3, . . . , N , where φ 1 and φ 2 are as in (4.10), such that
We write
From (4.9) and (4.13), we see that (4.14)
Now, from (4.14), we have
From (4.9) and (4.15), we have 
From (4.15) and (4.16), it is not difficult to check that
Continuing in this way, we conclude that we can find φ N +1 ∈ P N +1 (U ) such that
From (4.21) and Mathematical induction, the theorem follows.
We can now prove
Theorem 4.2. With the notations above, there exists a function
where c j ∈ C, j = 1, . . . , n, are as in (4.9).
Proof. Let φ ℓ ∈ P ℓ (U ), ℓ = 1, 2, 3, . . ., be as in Theorem 4.1. For each j = 3, 4, . . ., we have
For each j = 3, 4, . . ., take ǫ j > 0 be a small constant so that Supp χ(
and for all α ∈ N 2n+1+d 0
, |α| < j, we have
On U , we put
From (4.27), we can check that ϕ(x) is well-defined as a smooth function on U and for all α ∈ N 2n+1+d 0 with |α| = k, k ∈ N, we have
Combining this with (4.11), we conclude that ∂ b ϕ vanishes to infinite order at p and we get (4.24). Moreover, from (4.26), we have
where c > 0 is a constant. We get (4.22) . From the construction of ϕ, we see that (4.23) holds and the theorem follows.
Put (4.28)
where g j = g k , if j = k, j, k = 1, . . . , r. We need Proof. This follows directly from the fact that the action map G×X → X is continuous. 
∈ N p , we get a contradiction. The lemma follows.
We pause and introduce some notations. Let Ω be an open set of R N , N ∈ N. Let g k (x) ∈ C ∞ (Ω) be a k-dependent function, k = 1, 2, . . .. We write g k = O(k −∞ ) if for every M ∈ N, every compact set K ⋐ Ω and every α ∈ N N 0 , there is a constant C > 0 independent of k such that
From (4.22) and (4.24), we see that
Let a(g) ∈ C ∞ (G) be a smooth function on G so that Re a(g) = 2 on some small neighborhood of 
be the orthogonal projection.
Theorem 4.5. We have
, for some m j ∈ N, j = 1, . . . , N . Note that N and m j , j = 1, . . . , N , are independent of k. From (4.31), we see that
It is easy to see that
where S m is given by (3.45) . From (4.34), (4.35), (3.51) and (3.52), the theorem follows.
Theorem 4.6. We have
Re ( lim
where r ∈ N is the Cardinal number of N p . For every ε > 0, there is a k 1 ∈ N such that
and every x / ∈ GD.
Proof. Take γ ∈ C ∞ 0 (W ) with γ = 1 on W 1 . From (4.33) and (4.32), we have lim 
From Lemma 4.4, we see that
By the construction of f k (x) (see (4.30)), f k (x) = 0, for every x / ∈D. From this observation, (4.40) and (4.41), we conclude that
Now, from (4.42), (4.39), (4.30) and (4.2), we have
(4.43)
Note that Re b(g j ) ≥ 1, for every j = 1, . . . , r. From this observation and (4.43), we get (4.36). Now, for every h ∈ G, we have 
1 . From this observation, it is no difficult to check that
Note that b(g) ≤ Let ε > 0 be positive. From (4.33), we see that there is a k 1 ∈ N such that for every k ∈ N, k ≥ k 1 , we have
Now, for x / ∈ GD, we have
since Supp f k ⊂D. From this observation and (4.47), we get (4.38).
From Theorem 4.6, we deduce 
and (4.49)
where r ∈ N is the Cardinal number of N p . Moreover, let x 0 ∈ X and assume that g • x 0 / ∈D, for every g ∈ G. Then,
We can repeat the proof of Theorem 4.2 with minor change and get Theorem 4.8. We can find β j (x) ∈ C ∞ (U ), j = 1, 2, . . . , n + 1, with
, for every N ∈ N and every j = 1, 2, . . . , n + 1.
For every j = 1, . . . , n + 1, and every k ∈ N, put
and put f (j)
k . We can repeat the proofs of Theorem 4.5 and (4.36) and obtain Theorem 4.9. We have f
. . , n + 1, and
(4.53)
Let ξ 1 , . . . , ξ d be the orthonormal basis for g as in the discussion before (2.8). For every j = 1, 2, . . . , d, put
It is easy to see that T j , j = 1, . . . , d, are linear independent vector fields on G. By using local coordinates, it is straightforward to see that there are
is invertible.
We remind the reader that g 1 ∈ G, . . . , g r ∈ G are as in (4.28). Let 0 < ε < 1 be a constant. By Theorem 3.2, we can find
. We take ε small enough so that (4.56) the matrix
For every ℓ = 1, . . . , d, and every k ∈ N, put
where f k (x) is as in (4.30). Put H (ℓ) 
and for every x ∈ X with g • x / ∈ D p , for every g ∈ G, we have
where D p is an open set of p as in Theorem 4.12.
For every x ∈ X, let D x , D x and D 0,x be open sets as in Theorem 4.11, Theorem 4.12 and Theorem 4.13 respectively and let f (j) 
For every p j , j = 1, 2, . . . , K, put
(4.69)
Consider the G-equivariant CR map
We can now prove our main result Theorem 4.14. With the notations used above, F is an embedding.
Proof. From Theorem 4.11, we see that the differential of F is injective at every point of X. Hence, to prove the theorem, we only need to show that F is globally injective. Fix x 0 ∈ X and y 0 ∈ X with x 0 = y 0 . We are going to prove that F (x 0 ) = F (y 0 ). We may assume that x 0 ∈ D 0,p 1 .
From (4.67) and (4.68), we see that 
Hence, F (x 0 ) = F (y 0 ). We have proved that F (x 0 ) = F (y 0 ). The theorem follows.
CR ORBIFOLDS
5.1. Definition and properties of CR orbifolds. We start by giving the basic definitions. 
We call the tuple (U i , V i , Γ i , Ψ i ) an orbifold chart and the cover U i an orbifold atlas.
An orbifold is called effective if for all charts, the action of
called a CR function if every lift of f into a chart is a CR function.
It is a well known fact that every real effective orbifold may be written as the global quotient of a compact group G acting locally free on a manifold X. We will formulate the necessary conditions to proof the according theorem for CR orbifolds.
Let G be a Lie-group, H < G a closed Lie-subgroup of G and H act on a real manifold S. Then H acts on G × S via (h, (g, s)) → (gh −1 , hs) and we denote G × H S = (G × S)/H. Since the H-action on G is proper and free, the space G × H S is a real manifold.
Definition 5.2. Let X be a CR manifold with a CR action of a Lie group
We say that the G-action admits CR slices if for every x ∈ X, there exists a real submanifold S of X with x ∈ S such that
Note that in the definition above, S has a CR structure induced by T 1,0 X, which defines a CR structure on G × Gx S such that the map G × Gx S → X is a CR isomorphism onto an open subset. Proof. This is now analogous to the real version. The charts are given by G × Gx S/G = S/G x with S being a CR manifold as above and G x finite. Proof. We will first discuss the general construction of the frame bundle. Let Z be a CR manifold of dimension 2n + d with an effective CR action of a finite group Γ. Let g be a Γ-invariant metric on Z and define the frame bundle over Z by F r(Z) = {(x, B) | x ∈ Z, B orthonormal basis in T x Z}. Then Γ acts on F r (Z) via (g, (x, B) ) → (gx, dg(B)) and O(2n + d) acts on F r(Z) via (A, (x, B) ) → (x, BA −1 ). Since the Γ-action on Z is effective, we have that F r(Z)/Γ is a manifold and the O(2n+d)-action extends onto this quotient. Note that (F r(Z)/Γ)/O(2n+ d) = Z/Γ.
We may equip F r(Z) with a CR structure as follows. Take a local trivialization U × O(2n + d) for the frame bundle, which is equipped with the CR structure coming from U ⊂ Z and the trivial structure on O(2n + d). One checks that this gives a global CR structure on the frame bundle such that the Γ and O(2n + d)-actions are CR, therefore F r(Z)/Γ is also a CR manifold. From the construction, we conclude that
We will check that F r(Z)/Γ admits CR slices for the O(2n + d)-action. For this, let U × O(2n + d) be a local trivialization of F r(Z) such that U is Γ-invariant. We have the map π : (U × O(2n + d))/Γ → O(2n + d)/Γ, which is a submersion. One may easily check from the construction that π −1 (Id) =: S is a CR Slice. Now let X be an effective CR orbifold. Choose a smooth metric g on X, which gives rise to a Γ i -invariant metric in every chart V i . One may now construct the frame bundle in every chart and glue the F r(V i )/Γ i together using the orbifold transition functions.
5.2.
Embedding theorems for CR orbifolds. Let X be a CR manifold and fix p ∈ X. Let x = (x 1 , . . . , x 2n+1+d ) be local coordinates of X defined in a neighborhood U of p such that x(p) = 0 and (4.2), (4.3), (4.4), (4.8), (4.9) hold. Put N p := {g ∈ G; g • p = p} = {g 1 := e 0 , g 2 , . . . , g r }. LetD ⋐ D ⋐ U be open sets of p as in Lemma 4.3 and Lemma 4.4 respectively. We will use the same notations as in Section 4. Let C ∞ (X) G denote the set of G-invariant smooth functions on X. For every j = 1, . . . , n + 1, and every k ∈ N, let f 
We can repeat the proofs of Theorem 4.5 and Theorem 4.6 and deduce Hence, G(x 0 ) = G(y 0 ). case II. If y 0 ∈ GV p 1 : Take g 0 ∈ G and y 1 ∈ V p 1 so that g 0 •y 1 = y 0 . In view of Theorem 5.6, we see thatĜ p 1 (x 0 ) =Ĝ p 1 (y 1 ). SinceĜ p 1 is G-invariant,Ĝ p 1 (y 0 ) =Ĝ p 1 (y 1 ). We deduce thatĜ p 1 (x 0 ) =Ĝ p 1 (y 0 ) and hence G(x 0 ) = G(y 0 ).
From Theorem 5.6 and Theorem 5.8, we get Theorem 1.5.
INDUCED CR STRUCTURES
Let X be a CR manifold of codimension d and F : X → C m a CR map which is an embedding. For d = 1, we have that F is a CR embedding, that is, F (X) is a CR submanifold of C m , meaning that the CR structure is induced by the surrounding space, and dF T 1,0 X = CTF (X) ∩ T 1,0 C N . For general d, this is not obvious. We conclude with the following result. Proof. We have already seen that we may find an equivariant CR map F : X → C m 1 which is an embedding. According to Theorem 5.6, we may also find a CR map E : X → C m 2 which is G-invariant and dE x is injective onĤ x X for every x ∈ X. Now consider the embedding H : X → C m , H = (F, E). One may see from linear algebra that H(X) is a CR submanifold of C m iff dim R (T y H(X) + iT y H(X)) = 2n + 2d + 2 for all y ∈ H(X), where T y H(X) + iT y H(X) denotes the space of all vectors of the form W + JV for W and V in T y H(X) and J is the standard complex structure on complex space. Every G-representation extends to a G C -representation and since the G-action on X is locally free, the G-action on H(X) is locally free. We conclude that dim R g C y = 2d for all y ∈ H(X). This shows that T y H(X)+ iT y H(X) has at least dimension 2n + 2d. Assume there exists a y such that the dimension is exactly 2n + 2d. Write H(x) = y, then we have dE(T (x)) ∈ dE(T x X, which is a contradiction.
